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ASYMPTOTICS OF THE EIGENVALUES
AND EIGENFUNCTIONS IN CUBICALLY
ANISOTROPIC THERMOELASTIC BODIES
WITH SLITS

I. M. Martynenko UDC 539.3

Within the framework of the uncoupled thermoelasticity, using G. Weyl’s method, asymptotic formulas for
eigenvalues and eigenfunctions of the first boundary-value problem have been obtained for cubically anisot-
ropic bodies limited by a finite number of closed and nonclosed unintersecting Lyapunov surfaces.

Introduction. Asymptotic spectral laws play an important role in problems of radiation, theory of elastic vi-
brations, specific heat of solids, thermodynamics, and in other branches of mathematical physics. At the present time
their role has substantially increased thanks to the introduction of new structural materials into design practice. In the
present work these problems are considered for bodies with cubic anisotropy, the elastic properties of which are char-
acterized by three material constants.

Statement of the Problem. Let D be a region in the three-dimensional Euclidean space E3 whose boundary

S consists of a finite number of closed and nonclosed Lyapunov surfaces S = X v G, where X is a finite number of

closed surfaces, X v %, k —0, K; o is a finite number of nonclosed surfaces 6 v o, n = 1,N, k—1, K. We will as-
k n

sume that G, are bounded by smooth curves I',. Moreover, we assume that the region is filled with a cubically an-
isotropic medium the elastic properties of which are characterized by the following Duhamel-Neumann law [1]:

The tensor deformation components €;; are related to the components of the displacement vector u; of the elastic body
points by the formulas

3
0 ..
e €= E du;, j,i=1,2,3. 2

! i=1

(aiuj + ajui) , 0;=

N | —

The equations of thermoelastic equilibrium of the cubically anisotropic body have the form

3
Y00+ F, =0, i=1,2,3. ©)
=1

Here, F:x = Fo,—dg(B0) and F,, denotes the components of the external force related to a unit volume. Then, by virtue
of formulas (1), (2), from Eq. (3) we obtain

2 ’
[A44A +(A; —Ap—2A4) aOJ Uy + (A +Ag) 04+ Fy =0 4)
or in matrix form

Mu+F'=0, ®)
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where

A+(e+0) ai 600y, 60,0, U,
M-u :A44 Gaﬁaa A+ (e+0) 8% GBBBQ : uﬁ . (6)
cayaa oaBaY A+ (e+0) a§ Iy
H A -Ap A .
ere, € = —2, 6 = 1+—. Since € and ¢ are constants, the equation
Ay Ayq
d 2 ,
{M{—J—kE}u(x):—F , A =const @)
ox
can be solved with the aid of Fourier transformation:
w )= [[[ i (0 exp (o) dov, Fo) = [[[ F (@) exp (iowx) dor ; ®)
~ 1 . ~ 1 ’ . 9
i=——[[[u@epixyde, Foy=—=[[]F ()exp (i (o) dx. ©)
@Qm~ (€219
Substituting (8) into (7) and taking into account that M is the second-order operator matrix, we obtain
. . 2.~ ~
Moy=-M (), [[[exp( (a,x))[(M(oc)m E)u(oc)—F(oc)Jdoczo,
whence
(M (o) + NE) i (00) = F (0) = 0
and therefore
i(0)=M () +2'B) " F (o), (10)

where the (—1) power denotes the inverse matrix, each element of which represents a cofactor of matrix (6) divided
by the determinant det (M(ot) +7»2E) =0:

@)Y 28 @+ +0 - 0) 0.0, ~ 69,0, [A +(h—0)di] ~69,0,[A"+ () 3]
@ (2,,0,.0;) = ~ 69,0, (A" + (- ) 23] @A) 2 @+ + A =) 00, —60,0,[A" + (A —0) ] ,
~ 60,0, [A +(A- ) 3] — 60,0, [A + (A= 0) D] M) 428 @ +0)+ A =)0,

F @), 8y, ) = det (M () szj ENEEY I (xz - 02) A+ —0) (A+20)f; .

2 2 2 2.2 2~2 2.2 2~2-2

2

It is assumed that this inverse matrix exists, i.e., A represents the roots of the equation det (M(a) + A°E) = 0 and they

are complex numbers. Therefore

u ) =[] exp (i (0 (M (o) + sz)_l F (o) dov=0. (1

oo
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We substitute Eq. (9) into Eq. (11) and introduce the notation

-1
o) =— [[[ exp (i (0. 0) (M (a)+73E) do . (12)
2m)” .,
Then Eq. (11) takes the form
=[] g6c=y, 00 F ) dy. (13)

The quantity u(x) defined in this way is the improper integral of the first and second kind. It follows from Eq. (13)
that gx—y, A) represents a fundamental matrix for the system of equations (5) from the viewpoint of definition [2].
From its structure it follows that it is continuous and twice differentiable with respect to x at x #y and satisfies system
(5) with respect to x, and the particular solution of system (5) can be represented in the form of (13). Actually we
have

g =lim———— g [[f K 52t iﬂ exp (ik (0, ) (M (o) + E) " do
R—c0
d d
—11m42 J.J.J. exp (il (o, x)) le—+x2—+x3 J(M () +E) }
£—0 (27[) | | |0( | <R a(xl aaz a(X3
R—o0

where R| = R/\; o = p&.
Each element of the matrix M(o) represents the ratio of two polynomials in p of the fourth degree (numera-
tor) and sixth degree (denominator). Therefore

(M((x)+E)_1:O{ lzj’ [xliﬂcziﬂg J(M(Oc)+E) { 12}'
1+p doy 00, doi3 1+p

These formulas suggest the possibility of the limiting transition for R — o and € — 0, the performance of which yields

206 N) = —zmexp(m(a x))Hxl o +x2i+x3 ](M(oc)+E) }
@en)” |x| Ja o, d0;

Going over from the variables o], 0, and o3 to the variables 0O, Oy, and O3 so that the positive direction
of (~x3 could coincide with the vector x, we find

(o, x) = |x| &3, xli+x2i+x3i= |x| %, 0. =00 .
oy 0,y 03 00,3
Therefore replacement of o by o yields
+o0
20\ = mﬂ doday [ exp (id | x| 0c3)—(M () +E) " dos.
L 004

The inside integral contains an analytical function of o3. In the region D we will consider the Dirichlet problem:
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{M[BQJ_XZE}M(X):_F” x—D, u(x)=0, x—S, A=const. (14
X

The solution of problem (14) can be presented with the aid of Green’s matrix. The existence of such a matrix in the
case where the boundary of the region D consists of a finite number of Lyapunov-type closed nonintersecting surfaces

2 v 2 follows from [2]. In the case where the boundary of the region D consists of a finite number of Lyapunov-type
k

nonclosed nonintersecting surfaces its existence follows from the studies made in [3] that rest on the theory of two-
values potentials which was constructed for the elliptic systems of variational type second-order equations.
The Green matrix for problem (14) will be sought in the form

G(x_y7}\‘):g(x_y’7\‘)+g1(x7y7}\‘)’ (15)

where

£ (Y, 7L)ZHJ‘ L=z, M) h(zy N dz; (16)
D

Ax—y, A) is the fundamental matrix of system (14). The determination of h(z, y, A) is reduced to the solution of the
system of integral equations

heey, =Py, N+[[[Pz M@y dz. a7
D

Here, P(x, y, A) is the result of the application of the operator M{g}—?ﬁE to Eq. (15), with the following estimate
by

being valid in the vicinity of the point x = y and at infinity [2]:

P(xy,)=0 [e"p (Ij‘f y|’|“2_ vl )j : (18)

It ensures the convergence of the improper integral in (17) at infinity. It follows from Eq. (17) that the system of
equations (16) at high values of A is unambiguously resolvable by the method of successive approximations. From the
second Green’s formula for system (14) the symmetry of Green’s matrices G(x, y) = G'(x, y) follows. Therefore inte-
gral equations (17) lead to the following equalities:

~ u, (x) u, (x)

2
G (xsysk)=G(x7y)_7\’ 5
! 2 Ay (A, + 1)

n=1

where A; are eigenvalues; {u,(x)} is the complete orthonormalized system of eigenfunctions of the argument G(x, y).
Therefore the following equality is valid:

=y, (0 1) ()
veV=|l|ceyncexnrydy=> 20 (19)
0 3 )

n=1

From this, reasoning ordinarily, we arrive at the following equality [4, 5]:

- o L
tim Y L gy (M 00) ¥ (00 +B)] ot (20)
e T N O+ 1)
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Since u;,(x)un(x) = Sp un(x)u;l(x), Eq. (20) can be transformed to give

lim 7y L0 € @ @

where

" 1
= ? ijJ Sp [(M (x, o)) (M (x;, 1) + E)I dot.

Now, we shall avail ourselves of the following Tauber theorem [4]:
Theorem. If the series s(\) Z
k=1

Ck

Y where ¢;=>0, 0<A <A <A3< . <A, > oo, converges at A >0 and
k

lim VA s(A) = H, then limle Z cr = Z—H, with summation in the last sum being made by those values of k for
T

which Ay < A.
. () Cw
In the case considered by us ¢y = ——, H = . Therefore
M 4r
1 ® CE
ay (x X
lim s S (22)
A—eo VA }\,k<7» 4r 2n
or

C*
dJ(x,k)EZak(X)= (Zx)xlfﬂ(x)\/f (23)

ash Moo 2m

Here €(A) — 0, when A — . Assuming in (22) that A = A,, we obtain

n C *
6, M=) W _ (,:C) VA, +e, 0, , @4

=l M 2n

where €, — 0 for n — o; ®(x, A) is the nondecreasing function of A with ®(x, A) = 0 at A<A; and P(x, A) = G,,(x)
at A <A <Ajiq. The integrability of ®(x, A) over A at any finite interval of change in A follows from Eq. (23) with

A ) 7»’1
_[d)(x,k)dk=c—(2x)7ui/2+_|‘s\/xd7u.
0 3n 0

Consequently

n

1
> uf w9~ —— [[[ sp [(M () (M (o) +E)I don?,
k=1 12n p
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1
n~ #754 flf)f Sp [(M (o)) (M (00) + E)J o) .

For actual calculations it is worthwhile to go over in these formulas to spherical coordinates with the center
at their beginning. As a result, we obtain the asymptotic equalities

n -1

S uf () g (1) ~ ﬁ [[[> ressp [(M (0)) (M () p° + E)} don?,
T D

k=1

w1 S resso 0 o) 0 @)+ B a0,
2 p

According to [5], from these formulas it follows that

n

5w~ I aer?, w=— [ JI] dafaa?.

k=1 ) (o<1 QM) b et

Conclusions. These asymptotic equalities were earlier obtained [4-6] for the regions bounded by closed
smooth surfaces. For regions with nonclosed boundaries they have been given for the first time.

NOTATION

A,-j, material constants considered to be constant values; ds, element of surface S; M, operator matrix; P(x),
point E3; P(x, y, A), matrix; S, surface in E3; Sp, matrix trace; u(x), column vector; v, volume of region D; [, material
constants; 6, change in temperature; A, eigenvalues of the Dirichlet problem.
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